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Previously we defined
ex+iy = ex(cos y + i sin y)

and we showed that ez is holomorphic.

Let’s define it a different way.

Proposition
The power series

f (z) =
∞∑

n=0

1
n!z

n ,

is the unique convergent power series at the origin such that f (0) = 1 and f ′ = f .
Moreover, the series converges on ℂ and f (z) = ez.

Proof: Consider a convergent series f satisfying f (0) = 1 and f ′ = f :

f (z) =
∞∑

n=0
cnzn.

f (0) = 1 implies that c0 = 1.
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f ′ = f , so

f ′(z) =
∞∑

n=1
ncnzn−1 =

∞∑
n=0

(n + 1)cn+1zn = f (z) =
∞∑

n=0
cnzn.

Coefficients of power series are unique so cn = (n + 1)cn+1.

By induction, cn = 1
n! so f (z) =

∞∑
n=0

1
n!z

n

And this series converges in ℂ (exercise).

Both f and the exponential are holomorphic and equal to their derivatives:

d
dz

[
f (z)

exp(z)

]
=

f ′(z) exp(z) − f (z) exp′(z)(
exp(z)

)2 =
f (z) exp(z) − f (z) exp(z)(

exp(z)
)2 = 0.

Hence, f (z) = C exp(z) for some constant C. As f (0) = exp(0) = 1, conclude C = 1. □
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