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f (z) = az + b
cz + d

where ad ≠ bc

is a linear fractional transformation (LFT), (or Möbius transformation).

The condition on a, b, c, d guarantees that the ratio does not simplify.

If c = 0, f can be written as f (z) = az + b.

Define f (∞) = ∞.

If c ≠ 0, the expression is defined on ℂ \
{
−d/c

}
.

Define f
(
−d/c) = ∞ and f (∞) = a

c .

So takes the Riemann sphere to Riemann sphere.

It is an easy exercise that f : ℂ∞ → ℂ∞ is bĳective and continuous.
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Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



Any LFT is a composition of:

translations
Ta(z) = z + a, a ∈ ℂ,

complex dilations
Da(z) = az, a ∈ ℂ \ {0},

and inversions
I(z) = 1

z
.

Consider an LFT f (z) = az+b
cz+d . WLOG c = 1 or c = 0.

If c = 1, then

f (z) = az + b
z + d

=
b − ad
z + d

+ a = Ta

(
Db−ad

(
I
(
Td(z)

) ))
.

If c = 0, assume d = 1 and f (z) = az + b:

f (z) = az + b = Tb
(
Da(z)

)
.



A translation Ta just moves everything in ℂ in the a direction and fixes ∞.

Complex dilation Da is the normal euclidean dilation (scaling) by |a| and rotation by arg a.
It also fixes ∞.

The inversion is the euclidean plane geometry inversion across the unit circle and then a
conjugation.

The euclidean inversion inverts the distance:
1
|z| e

i arg z =
|z|
|z|2 ei arg z =

1
z̄
.

To get complex inversion we conjugate.

z

1
z̄

1
z

A use for this decomposition (exercise):
LFTs take the set of straight lines and circles to the set of straight lines and circles.

In fact, any straight line or circle can be taken to any other straight line or circle.

Remark: A straight line is really a very large circle through ∞.
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