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U c Copen, f:dU — R continuous, find a continuous g: U — R harmonic on U,
such that glyy = f.

Solvable for many U, but not all. But solution unique if it exists:
Proposition

Suppose U c C is a bounded domain, f,g: U — R are continuous functions harmonic on U, such
that f = gon dU. Then f = gon U.

Proof: Maximum principle (second version) on f — g. m|
On an unbounded domain, solution need not be unique.

Exercise: The Dirichlet problem does not have a unique solution on the upper half plane H.



The Poisson kernel for the unit disc D c C is

l), forO<r<1.
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(i) P(B)>0forall0 <r<1landall 6.
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The graph of P, as a function of 6 on [-7, 7] for r = 0.5, ¥ = 0.7, and r = 0.85:
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M; (f (e107) _f(eie))P,(t) it




0 €
P,(f)dt < / Pt dt
52

Te €
S[ EPr(t)dt—E.

T

0 i(0—t i

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

M; (f (e107) _f(eie))P,(t) it

Fix zg = €% € 9D and € > 0.



0 €
P,(f)dt < / Pt dt
52

Te €
s[ Pty = -

T

° i(0—t i
< [ e -se)

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

M: (f (e107) _f(eie))P,(t) it

Fixzg = e® € 9D and € > 0. f = Pf|yp is continuous, so 3 & > 0 such that

|0 - 00l <6 = |Pf(el?) — Pf(e™)| < ¢/2



0 €
P,(f)dt < / Pty dt
52

Te €
s[ Pty = -

Tt

° i(0—t i
< [ e -se)

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

’[: (f (e107) _f(eie))P,(t) it

Fixzg = e® € 9D and € > 0. f = Pf|yp is continuous, so 3 & > 0 such that
000l <6 = [Pf(e”)—Pf(e®)| < <2

For possibly smaller 6

1-6<r<1 = |Pf(re"?) - Pf(e'%) <¢/2 forall 6.



0 €
P,(f)dt < / Pty dt
52

Te €
s[ Pty = -

Tt

° i(0—t i
< [ e -se)

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

’[: (f (e107) _f(eie))P,(t) it

Fixzg = e® € 9D and € > 0. f = Pf|yp is continuous, so 3 & > 0 such that
000l <6 = [Pf(e”)—Pf(e®)| < <2

For possibly smaller 6

1-6<r<1 = |Pf(re"?) - Pf(e'%) <¢/2 forall 6.

Soif z = re'? satisfies 1 — 6 < r < 1and |0 — 6y| < 6,



0 €
P,(f)dt < / Pty dt
52

Te €
s[ Pty = -

Tt

° i(0—t i

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

’[: (f (e107) _f(eie))P,(t) it

Fixzg = e® € 9D and € > 0. f = Pf|yp is continuous, so 3 & > 0 such that
000l <6 = [Pf(e”)—Pf(e®)| < <2

For possibly smaller 6

1-6<r<1 = |Pf(re"?) - Pf(e'%) <¢/2 forall 6.
So if z = re'? satisfies 1 — 6 <7 < 1land |6 — G| < 9,

|Pf(re'®) — Pf(e’®)| < |[Pf(re®) — Pf(e)| + |Pf(e’®) — Pf(e'®)| < e.




0 €
P,(f)dt < / Pty dt
52

Te €
s[ Pty = -

Tt

° i(0—t i

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

’[: (f (e107) _f(eie))P,(t) it

Fixzg = e® € 9D and € > 0. f = Pf|yp is continuous, so 3 & > 0 such that
000l <5 = |PFE) - PFe)] <2

For possibly smaller 6

1-6<r<1 = |Pf(re"?) - Pf(e'%) <¢/2 forall 6.

So if z = re'? satisfies 1 — 6 <7 < 1land |6 — G| < 9,

|Pf(re'®) — Pf(e’®)| < |[Pf(re®) — Pf(e)| + |Pf(e’®) — Pf(e'®)| < e.

= Pf is continuous at zo.




0 €
P,(f)dt < / Pty dt
52

Te €
s[ Pty = -

Tt

° i(0—t i

Sol-0"<r<1 = |Pf(re®) —f(9)| <e/a+ef2+c/s=€.
= Pf(re'%) — (') uniformly in O as r T 1.

’[: (f (e107) _f(eie))P,(t) it

Fixzg = e® € 9D and € > 0. f = Pf|yp is continuous, so 3 & > 0 such that
0-60 <5 = IPf(?)~ PF™)] < <2

For possibly smaller 6

1-6<r<1 = |Pf(re"?) - Pf(e'%) <¢/2 forall 6.

Soif z = re'? satisfies 1 — 6 < r < 1and |0 — 6y| < 6,

|Pf(re'®) — Pf(e’®)| < |[Pf(re®) — Pf(e)| + |Pf(e’®) — Pf(e'®)| < e.

= Pf is continuous at zo. ]

Remark: We used polar coordinates (homeomorphism near zp).



Translation and scaling gives (proof an exercise):
Corollary
Let f: dAR(p) — R be continuous. Then Pf: Ar(p) — R, defined by

ior | [ f(p+ReYP,r(0 —Ddt ifr <R,
Pf(p +re'”) = {f(P + Re®) FreRk

is harmonic in Ar(p) and continuous on Ar(p).




Translation and scaling gives (proof an exercise):
Corollary
Let f: dAR(p) — R be continuous. Then Pf: Ar(p) — R, defined by

0y _ /_Zf(P + Reit)Pr/R(Q —t)ydt ifr <R,
Pf(p +re?) = {f(p+Rei9) ifr=R,

is harmonic in Ar(p) and continuous on Ar(p).

Represents harmonic functions like Cauchy integral formula:

If f is harmonic on a neighborhood of Ar(p) = Plfloagp)] =f |m.



Translation and scaling gives (proof an exercise):
Corollary
Let f: dAR(p) — R be continuous. Then Pf: Ar(p) — R, defined by

0y _ /_if(P +Re!)P,r(6 —t)dt ifr <R,
Pf(p +re?) = {f(p+Rei9) ifr=R,

is harmonic in Ar(p) and continuous on Ar(p).

Represents harmonic functions like Cauchy integral formula:
If f is harmonic on a neighborhood of Ar(p) = Plfloagp)] =f |m.

However, the Poisson kernel above is specific to the disk.



Translation and scaling gives (proof an exercise):
Corollary
Let f: dAR(p) — R be continuous. Then Pf: Ar(p) — R, defined by

0y _ /_if(P +Re!)P,r(6 —t)dt ifr <R,
Pf(p +re?) = {f(p+Rei9) ifr=R,

is harmonic in Ar(p) and continuous on Ar(p).

Represents harmonic functions like Cauchy integral formula:
If f is harmonic on a neighborhood of Ar(p) = Plfloagp)] =f |m.
However, the Poisson kernel above is specific to the disk.

A quick consequence: If f is harmonic on a neighborhood of Ag(p), then

f0)= 5= [ fo+ Ry



Poisson kernel works for holomorphic functions (holomorphic functions are harmonic).



Poisson kernel works for holomorphic functions (holomorphic functions are harmonic).
For general functions Cf and Pf are different in the disc:
Consider f(z) = z + Z = 2 Re(z) on the unit circle.

Pf(z)=z+Z Cf(z) =z



Exercise: Given a bounded continuous f: R — R, prove that Pf: H — R,

Lo f O mmsdt ify >0,

Pf(x +iy) =
f(x +iy) @ ity =0,

is harmonic in H and continuous on H.



Exercise: Given a bounded continuous f: R — R, prove that Pf: H — R,

L1 en—L gt ify >0,
f(x) ify =0,

is harmonic in H and continuous on H.

Exercise: Derive the Schwarz integral formula, which recovers a holomorphic function out
of the real parts of the boundary values and the value of the imaginary part at one point.
If f: D — C is continuous and holomorphic on D, then for all z € D,

C +zRef(C)

+iImf(0).

Zm



