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We get to perhaps the most fundamental theorem in complex analysis:
The Cauchy integral formula.

We prove a version in a disc.

Theorem (Cauchy integral formula in a disc)
Suppose U ⊂ ℂ is open, f : U → ℂ is holomorphic, Δr(p) ⊂ U. Then for all z ∈ Δr(p),

f (z) = 1
2𝜋i

∫
𝜕Δr(p)

f (�)
� − z

d�.

It should be surprising:

Values inside (large set)
are given in terms of values on the boundary (small set).

A quick (but hardly only) application is to compute integrals of expressions such as cos(z2)
z(z−1)

that blow up somewhere inside the cycle.
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Proof: Fix z ∈ Δr(p), and write 𝛾 = 𝜕Δr(p) oriented counterclockwise.

Let Δs(z) be a small disc where Δs(z) ⊂ Δr(p). Write 𝛼 = 𝜕Δs(z).

Connect 𝛼 to 𝛾 via two straight lines
to give two closed paths c1 and c2

𝛾

𝛼

c2

c1

z

As chains, c1 + c2 = 𝛾 − 𝛼.

Each cj lies in a star-like domain

where � ↦→ f (�)
� − z

is holomorphic. So∫
𝛾

f (�)
� − z

d� −
∫
𝛼

f (�)
� − z

d� =∫
c1

f (�)
� − z

d� +
∫

c2

f (�)
� − z

d� = 0 + 0.

(by Cauchy’s theorem)
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So
1

2𝜋i

∫
𝛾

f (�)
� − z

d� =
1

2𝜋i

∫
𝛼

f (�)
� − z

d�.

Parametrize 𝛼 as 𝛼(t) = z + seit.

1
2𝜋i

∫
𝛼

f (�)
� − z

d� =
1

2𝜋i

∫ 2𝜋

0

f (z + seit)
z + seit − z

sieit dt = 1
2𝜋

∫ 2𝜋

0
f (z + seit) dt.

The integral over 𝛾 (independent of s) equals the integral over 𝛼 for all s > 0 small enough,
so we can take the limit as s → 0.

1
2𝜋i

∫
𝛾

f (�)
� − z

d� = lim
s↓0

1
2𝜋i

∫
𝛼

f (�)
� − z

d� = lim
s↓0

1
2𝜋

∫ 2𝜋

0
f (z + seit) dt = f (z).

(by continuity of f at z) □
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There is a very useful consequence left as an easy exercise:

Exercise: Suppose f is holomorphic in an open neighborhood of Δr(p). Show that f at p is
the average of the values on 𝜕Δr(p). That is, show

f (p) = 1
2𝜋

∫ 2𝜋

0
f (p + reit) dt.
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