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Modern mathematics takes a false statement such as

“All polynomials have a root.”

and redefines what it means to have a root to make the statement true.

Examples:
Start with ℕ = {1, 2, 3, . . .}, and arrive at ℤ to solve something like n + 2 = 1.

Start with ℤ and arrive at ℚ to solve 2x = 1.

Start with ℚ and arrive at ℝ to be able to take limits.

Start with ℝ and arrive at ℂ to be able to solve z2 + 1 = 0.
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Interestingly, analysis with ℂ is very different to analysis with ℝ.

Mainly once we ask for the complex derivative we get lots of odd statements:

If you can differentiate once, you can differentiate twice.
Every function acts sort of like a linear function.
If all derivatives are zero at a point, the function is constant.
etc.

A graduate real analysis course crushes the student’s dreams.

A graduate complex analysis course fills the student with unrealistic optimism.
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Definition of the complex numbers (complex field, complex plane):

ℂ
def
= ℝ2

with multiplication:

(a, b) + (c, d) def
= (a + b, c + d),

(a, b)(c, d) def
= (ac − bd, bc + da).

This makes ℂ into a field (exercise).

ℝ ⊂ ℂ by identifying x ∈ ℝ with (x, 0).

Imaginary unit:
i def
= (0, 1)

i2 = −1 so z2 + 1 = 0 has the two solutions i and −i.
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(x, y) = x + iy, so use x + iy from now on (cartesian form).

The evil twin of z = x + iy is the complex conjugate

z̄ def
= x − iy.

Let’s give names to the x and y:

Re z = Re(x + iy) def
=

z + z̄
2 = x real part of z.

Im z = Im(x + iy) def
=

z − z̄
2i

= y imaginary part of z.

An expression in x, y can be written in terms of z, z̄ and vice versa:

x3 + y3 + 3ixy =

( z + z̄
2

)3
+
( z − z̄

2i

)3
+ 3i

( z + z̄
2

) ( z − z̄
2i

)
,

or
z2 − iz̄2 + zz̄ = (x + iy)2 − i(x − iy)2 + (x + iy)(x − iy).

Almost looks as if z and z̄ were independent variables.
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